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Abstract 

We define a class of orthosymplectic osp^m; j\2n;ij) and unitary 
sl{m; j\n; e) superalgebras whicli may be obtained from osp{m\2n) and 
sl{m\n) by contractions and analytic continuations in a similar way 
as the special linear, orthogonal and the symplectic Cayley-Klein al- 
gebras are obtained from the corresponding classical ones. Casimir 
operators of Cayley-Klein superalgebras are obtained from the corre- 
sponding operators of the basic superalgebras. Contractions of s/(2|l) 
and osp{3\2) are regarded as an examples. 



1 Introduction 



Since their discovery |[^, 0, in 1971 the supersymmetry is used in differ- 
ent physical theories such as Kaluza-Klein supergravity [Q, supersymmetric 
field theories of the Wess-Zumino type , massless higher-spin field theories 
[|]. Recently the secret theory (or S-theory) that includes superstring 
theory and its super p-brane and D-brane generalizations was discussed. 
All these theories are build algebraically with the help of some superalgebra 
in their base. In this work we wish to present a wide class of Cayley-Klein 
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(CK) superalgebras which may be used for constructions of different syper- 
symmetric models. 

For an ordinary Lie groups (or algebras) the title CK was initially used 
for the short name of the set of a motion groups of a spaces of constant 
curvature. It is well known that there are 3" n-dimensional spaces of constant 
curvature and their motion groups may be obtained from the orthogonal 
group SO{n + 1) with the help of contractions and analytical continuations 
[^]. Later the notion CK was extend to the case of unitary and symplectic 
groups (algebras) JlOl . The typical (and attractive) property of CK groups is 
that all of them are depend on the same number of independent parameters 
as the corresponding simple classical group. On the level of Lie algebras 
this means that all CK algebras of the same type have the equal dimensions. 
A basic superalgebras include a simple algebras as an even subalgebras, so 
it looks quite natural to introduce a new class of superalgebras with CK 
algebras as an even subalgebras. 

A superalgebra as an algebraic structure contain (as compared with Lie 
algebra) a new additional operation, namely, Z2-grading. So under contrac- 
tion of superalgebra this Z2-grading must be conserved. To our knowledge 
contraction of orthosymplectic superalgebra to the superkinematics was first 
regarded in [|ll|]. The detailed investigation a class of contraction of osp(l|2) 
and osp{l\4) to the kinematical Poincare and Galilei superalgebras was made 
jl^. Contraction of unitary superalgebra Gsu{2) = s/(2|l) as well as their 



m 



representations was described in [T^. Later the notion of contraction was 



generalized |14| to the case of Lie algebra with an arbitrary finite grading 



group and is known as graded contractions. Nevertheless the particular case 
of the simplest Z2-grading deserve an independent interest. The preliminary 



results was reported in |15 



The paper is organized as follows. In section 2 the orthogonal, symplectic 
and special linear CK groups and algebras are briefly remind. Section 3 is 
devoted to the orthosymplectic CK superalgebras. CK unitary superalge- 
bras are regarded in section 4. Casimir operators of the CK unitary and 
orthosymplectic superalgebras are described in section 5. 
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2 Orthogonal, symplectic and special linear 
Cayley-Klein algebras 

Special linear sl{m), orthogonal so{m) and symplectic sp(2n) algebras are 
even subalgebras of classical basic superalgebras. On the other hand all of 
them may be contracted and analytically continued to the set of CK alge- 
bras. Lie groups and algebras are in close relations. CK group SO{m;j) 
is defined as the set of transformations of vector space Rm(j), which pre- 
serve the quadratic form x'^{j) = x*{j)x{j) = %{ + Yjk=2{^-:^Y^'ki where 
{i.k) = njr=m^n(],fej ip> {hi) = 1, each parameter jk = l,tfc,i, where ik are 
nilpotent t| = 0, commutative ikip — ipik 7^ generators of Pimenov 
algebra P{i)- Cartesian components of vector x{j) G Rm.(i) are x*{j) = 
{Xi,jiX2, . . . , (1 it is easily follows from x'^{j). For m x m matrix 

g{j) G SO{m;j) the transformation g{j) : Rm(j) — > Rm(i) means that the 
vector x'{j) = g{j)x{j) has exactly the same distribution of parameters j 
among its components as x{j). This requirement give an opportunity to ob- 
tain the distribution of parameters j among elements of matrix g{j), i.e. to 
build the fundamental representation of CK group SO{m;j) starting from 
the quadratic form. It is remarkable that the same distribution of the pa- 
rameters j is hold for CK Lie algebra so{m;j), namely Aj^ — {i,k)aik, for 
A G so{m;j). 

The set of transformations L{j) : Rm(i) R-m(i) with the property 
det L{j) = 1 form CK special linear group SL{m; j) and the corresponding 
CK algebras sl{m] j) are given by the mxm matricies tr = 0. Let us 
stress that in Cartesian basis all matricies from SL{m; j), SO{m; j) , s/(m; j) , so{m] j) 
have identical distribution of parameters j among its elements, i.e. they are 
of the same type as the matricies with elements from Pimenov algebra P{i). 

CK symplectic group Sp{2n; uj) is defined as the set of transformations of 
R„(a;) X R„(a;), which preserve the bilinear form S{uj) = Si + J2k=2[^^ ^l^'S'fe, 
where Sk{y,z) = VkZn+k - Vn+kZk, [hk] = Up^'^^^j,) <^k, [hi] = 1, ^fc = 
1; Ck, i, Ck = 0) ^kCp = CpCk- The distribution of parameters ujk among matrix 



elements of the fundamental representation M{uj) = 




the CK symplectic algebra sp{2n; u) may be obtained as for orthogonal CK 
algebras and is as follows: Bik = [i, k]bik, where B = H{u)), E{uj), F{uj). 
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3 Orthosymplectic superalgebras osp(m] j \ 2n; uj] 

Let e/j G Mm+2n satisfying {eij)KL = ^ik^jl are elementary matrices. One 
defines the following graded matrix |]16| 





( Im 










In 






-In 



(1) 



where Inn In ai'e identity matrices. Let = l,...,m,i,j = m + 

1, . . . ,m + 2n. The generators of the orthosymplectic superalgebra osp{m\2n) 
are given by 

Eij = —Eji = ^{GikCkj — GjkCki), E-fj = Eji = ^(G-^e^j + G-jieu), 

k k 

^ij ^ -^ji ^ ^ Gik^kj + X! Gjk^kii (2) 
k k 

where the even (bosonic) Eij generate the so{m) part, the even (bosonic) E-fj 
generate the sp{2n) part and the rest Eij are the odd (fermionic) generators 
of superalgebra. They satisfy the following (super) commutation relations 

[Eij, Eki] = GjkEii + GiiEjk — GikEji — GjiEi^, 

[Eij: Ell] = ~GjkEii — GjiEji — GjiEii — GikEji, 

[Eij, Ej^i] = GjkEii — GikEji, [Eij, En] = —GjiEff — GjiEii, 

[Eij, E-ki\ = 0, {Efj, Eki) = GikE-fi - G-jfEik. (3) 

In the matrix form osp{m\2n) = {M G Mm+2n\M'^G + GM = 0}. If the 
matrix M has the following form: M = J^ij ^ijEij + J^iJ h'jEfj + Y^ij l^-fjEfj, 
with aij,bij G R or C and /Xjj as the odd nilpotent elements of Grassmann 
algebra: /i^j = 0, Hij^i/]' = —Hiij/iii], then the corresponding supergroup 
Osp{m\2n) is obtained by the exponential map A4 = expM and act on 
(super)vector space by matrix multiplication X' = M.X, where X* = {x\6y, 
X is a n-dimentsional even vector and ^ is a 2m-dimensional odd vector with 
odd Grassmann elements. The form inv = J27Li ^1+2 YJk=i G+kd-k = x'^+29'^ 
is invariant under this action of orthosymplectic supergroup. 



4 



We shall define CK orthosymplectic superalgebras starting with the in- 
variant form 

m m+n 
fc=l k=m+l 

k = k — m, when k = m + 1, . . . ,m + n and k = k — m — n, when k = 
m + n + 1, . . . ,m + 2n, which is the natural unification of CK orthogonal and 
symplectic forms. The distributions of contraction parameters j, u among 
matrix elements of the fundamental representation of osp{m] j\2n;u!) and 
the transformations of the generators (0) are obtained in a standart CK 
manner and are as follows: 

E,k = {t,k)E:„ Erk = [iMEh E,j, = u{l,i)v[l,k]E*-^, (5) 

where E* are generators (|^) of the starting superalgebra osp{m\2n). The 
transformed generators are subject of the (super) commutation relations: 

rp F 1 _ A\iu n f ^jkEji , G^iEjk GjkEji GjiEuA 



\E^,E^ = -l 3] /] + ^ + ^ + ^SSA , 

V [hi] [J,k] [^,k] J 

[E.„ E,j\ = 0, [E.„ E,,] = k) - , 

[E,,E,^ = -[i;j][k,l](^ + ^], 

{E,.,E,,} = u'v\i,t)[i;m,k)[i,i] l^^-^ji^] . (6) 

For u = L or V = L, = superalgebra osp{m\2n) is contracted to inhomoge- 
neous superalgebra, which is semidirect sum {Ej^j}^ (so(m) sp(2?7,)), with 
all anticommutators of the odd generators equal to zero {E^j, E^p} = 0. 
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3.1 Example: CK contractions of osp(3\2) 

This superalgebra has so(3) as even subalgebra therefore their contractions 
to the kinematical (1 + 1) Poincare, Newton and Gahlei superalgebras may 
be fulfilled according to general CK scheme of the first section. But unlike 
of two odd generators of osp{l\2) the superalgebra osp{3\2) has six odd gen- 
erators. In the basis Xn^ = E^i, k,i = 1,2,3, F = 2^^^^ ^ ~ ^2^^^' ^ ~ 
Qk = Eki, Q-k = Ek5 the generators are affected by the contraction 
coefficients ji, J2 in the following way 

Xik {i, k)Xik, Q±k (1, k)Q±k (7) 

and H, F, E are remained unchanged. Then superalgebra osp{3;j\2) is given 
by 

[X12, X13] = ^1X23, [^13, -^23] = ^2^12) [-^^23; -^^12] = -^13) 

[H, E] = 2E, [H, F] = -2F, [E, F] = H, 

[Xik, Q±i] = Q±k, [Xik, Q±k] = kfQ±ii ^ < 

[H,Q±k] = TQ±k, [E,Qk] = —Q-k, [F,Q-k] = —Qk, 

{Qk, Qk} = (1, k^F, {Q_k, Q-k} = -(1, k^E, 

{Qk, Q-k} = -(1, kfH, {g±„ Q^k} = ±(1, k)^X,k. (8) 

The non-minimal Poincare superalgebra is obtained for ji = ^1,^2 = ^ 
and has the structure of the semidirect sum ({X23} © osp{l\2)), where 
abelian T = {Xi2,Xi3, Q±2, Q±3} and osp{l\2) = {H, E, F, Q±i}. The New- 
ton superalgebra osp{3; L2\2) = T2^ osp{2\2), where T2 = {-^13, -^23, ^±3} 
and osp{2\2) is generated by X12, H, E, F, Q±i, Q±2- Finally the non-minimal 
Galilei superalgebra may be presented as semidirect sums osp{3; li, L2\2) = 
(T5 {X23})5 osp{l\2) = ({X23} © ospil\2)). 

4 Unitary superalgebras sl{m] j\n] e) 

The superalgebras sl{m\n) can be generated as a matrix superalgebras by 
taking matrices of the form [|l^] 

M=( Tt" ] (9) 
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where Xmm and Xnn are gl{m) and gl{n) matrices, T„m and Tnm are m x n 
and n X m matrices respectively, with the supertrace condition 

str(M) = tr{Xmm) - tr(X„„) = 0. (10) 

This matrix superalgebra is the set of transformations of the superspace with 
m even coordinates Xi, . . . ,Xm and n odd ones 9i, . . . ,9n- 

A basis of superalgebra sl{m\n) can be constructed as follows. Define the 
(m + n)^ — 1 generators 



1 

m — n 
1 

m — n 



m+n 



Eij — Cij - ^ _ ^ Sij I ^ Cfefe + ^fcfc I ' ^ij — %, 

i^fc=l k=m+l 
1 m+n 

Ej-j = erj + \ Yekk+ ^fcfc I ' ^ij = (11) 

^fc=l k=m+l 



where the indices i, j, . . . run from 1 to m and i, j, . . . from m + 1 to m + n. 
The generators of sl{m\n) in the Cartan-Weyl basis are given by 

Hi = Eij - 1 < i < m - 1, 

Hi = m + l<i<m + n-l, 

Eij for sl{m), Ejj for s/(?7.), 

E'jj and Ejj for the odd part (12) 

and their commutation relations looked as 

[HuHj] = 0, 

[Hr.Eij] = SjkEkj — Si,k+iEk+i,j — ^KjEiK + Sk+i,.jEi^k+i, {K^m), 

[HrmEij] = SimEmJ — Sj^rn+lEm+l,J — ^mjElm + Sm+l,jEl^m+l, 

[Eij, Ekl] = 5jkEil - 5ilEkj for Eu and Ekl even, 
[Eij, Ekl] = SjkEil - SilEkj for Eu even and Ekl odd, 
{Eij, Ekl} = SjkEil + SilEkj for Eu and Ekl odd. (13) 

CK special linear (or unitary) superalgebras sl{m;j\n;e) are consistent 
with the transformations of (super) vectors 

A'*(j,e) = {xi,jiX2, . . . , {l,m)xmW{xm+i,€iXm+2, [1, n]x^+„))*, (14) 
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where the odd components are denote as Xm+i = Oi, ■ ■ ■ , Xm+n = dn and 
i = i - m,k = k - m = 1, . . . ,n, [i,k] = lC^''^''^^t,^ ^i, ei = 1, ^i, i, = 

L — mini ^^fC 1 

0, ilip = ^p^i 7^ 0. The components of e) are choosen in such a way that 
the contraction parameters ei of the odd components were independent of 
the contraction parameters ji of the even ones. The transformations of the 
standart generators (0) (marked with star) of the special hnear superalgebra 
sl{m\n) to the generators of s/(m; e) are given by 

E,j = u{1,{)[1,j]E:., Ej^ = u{l,j)[l,t]E-*j. (15) 

Nonzero commutators and anticommutators are easily obtained from the 
corresponding commutation relations (|T3|) of the initial superalgebra sl{m\n) 
in the form 

[Hk, Ejj] = SjkEkj — 5i^k+iEk+1,J — ^KjEjK + ^K+l,jEi^K+li 

Eiu i <j <l, I <j <i, l^i, 

\Eij, Eji] = { {lifEa, i < I < J 01 j < I < i, 
{iJ'fEii, I < i < J or j < i < i, 



-Ekj, k < i < j, j < i < k, k j, 

[Eij, Ekj] = { -{ijfEkj, i < j < k or k < j < i, 
— (i, k^Ekj, i<k<j or j<k<i, 

[Eij, Eji] = {i,jf{Eii - Ejj), 

i <j <l, I < j <i, T^i, 
= \ f WEih t<l<]oT]<l<l 
l<i<j or j<i<k, 

k < i < j, j < i <k, k^ i, 
[Ei-j, E-kj] = <j -[z, jfE-kj, i<]<koTk<j<i, 
■[i, k^Ej^j, i<k<j 01 j<k<i, 

[Ejj, Ejj] = [t,j]^{Eri-Ejj), 

rp p 1 _ / i^^jf^a, i<], . F 1 _ / -E-kj. i < i, 
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[Eij, Eki\ 



-E, 



i < j, 



-[j,j?Ei,j, i>j, 
{Eij,Eji} = 



[hifEiu i<j, 



E 



il 1 



iy\l,iy[l,kfE-,j, ]>k, 
{Efj,E-^,} = u\l,tf[l,jf{Eu + E-fj). 



(16) 



For V = L superalgebra sl{m\n) is contracted to inhomogeneous super- 
algebra, which is semidirect sum {Eq, Eij}^ {sl{m) ^ sl{n)), with all anti- 
commutators of the odd generators equal to zero. 

4.1 Example: CK contractions of s/(2|l) 

The generators of superalgebra s/(2; ji; z/|l) is given by [|16] 



H 



1 



















1 

2 


1) 


, z = 





1 

2 














I 





1 





f ° 







Eu = E-^ = 













I 











( 








E21 = E = 


il 










^ 











1 





V 


i?l3 = F^ = 













lo 









E' 



31 





( ° 








-£'32 — — 













lo 


^jl 






E. 



23 





' 







-I 







i) 





















F~ = 


(1 





i^ii 













(17) 



and acts on the superspace {xi^ jiX2\i'6i). The commutation relations are 
represented as 



[H, = ±E^, E-] = 2jIH, [Z, H] = [Z, = F±] = F 
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[H,F^] = ±h^, [H,F^] = ±^-F^, [Z,F^] = iF^ [Z,F^] = —F^, 

[E+,F-] = -F+, [E-,F+] = -jIF-, [E+,F-]=jIF+, [E' , F+] = F' , 

{F+, F-} = u'jKZ - H), {F-, F+} = + H), 

{F+, F+} = {F-, F-} = u'^E-, p-} = {F+, F'} = 0. (18) 

For u = Lwe obtain the semidirect sum of the abehan odd subalgebra with 
the direct sum of the even subalgebras, namely, sl{2; ji, = {F"^ , F"^}^ 
{u{l) © sl{2)). Two-dimensional contraction u = t,ji = li give in result sim- 
ilar semidirect sum sl{2] li, t\l) = {F^, F"^}^ © sl{2] li)) but with the 
subalgebra sl{2; ti) = {H, E"^} instead of sl{2). Under contraction ji = li we 
have the semidirect sum sl{2; ii; = {E^,F+,F-}^ {H,Z,F-,F+} of 
the subsuperalgebras each of them generated both even and odd generators. 



5 Casimir operators 

The study of Casimir operators plays a grate role in the representation theory 
of simple Lie algebras since their eigenvalues characterize a representations. 
In the case of Lie superalgebras their eigenvalues completely characterize 
a typical representation while they are identically vanishing on an atypical 
representation. An element C of universal enveloping superalgebra U{A) 
commuting with all elements of U{A) is called a Casimir operator of super- 
algebra A. The algebra of the Casimir operators of A is the Z2-center of 
UiA). 

Casimir operators of the basic Lie superalgebras can be constructed as 
follows |l^, Dl^, [|l^. Let A = sl{m\n) with m ^ n oi osp{m\n) be a basic 



Lie superalgebra. Let {-E/j} be a matrix basis of generators of A where 
/, J = l,...,m + n with degJ = for / = 1, . . . , m and degJ = 1 for 
/ = m + 1, . . . ,m + n. Then defining {E)jk = {—l)'^'^^^Ejx, a standard 
sequence of Casimir operators is given by 



m+n 



c, = striEP) = = 

1=1 

n+n 

Y: EnA-lf''' ■ ■ ■ i?44,,(-l)'^^^^'=+^ . . . Er^_,j. (19) 
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In the case of s/(m|n) with m ^ n one finds for example Ci = and 

m m+n m m+n ^ ^ 

C2= ^ij^ji ~ ^klEm + Y1 i^ki^ik " -E^ifc-E'fcj) ^ • 

2J=1 k,l=m+l «=1 k=m+l 

(20) 

The diagonal elements of matrix E are taken in the form {E)ii = En + 
^Y, {E)ii = —Eij, + and two conditions on generators: YhLi Eu = 
0, Yl^=m^i Ell = are taken into consideration. In the case of osp{m\n) one 
finds Ci = and 

m m+n m m+n 

^2= Y EijEji - Y EijEji + Y Y (EiiEii - EiiEii). (21) 

i,j=i kj=m+l «=1 k=m+l 

One has to stress that unlike the algebraic case, the center of U [A) for the 
classical Lie superalgebras is in general not finitely generated. For only Lie 
superalgebra osp{l\2n) the center of its universal enveloping superalgebra is 
generated by n Casimir operators of degree 2,4,..., 2n. 

To obtain Casimir operators of superalgebra s/(m;j|n;e) we shall pro- 
ceed in the standart manner. First we get the matrix E{j;e). For this we 
put in matrix E the new generators of s/(m; j|n; e) instead of the old ones 
of sl{m;n) according to ([ISD and denote the obtained matrix as £"(—>■). In 
general its elements are undefined for nilpotent values of parameters j, e, u. 
So it is necessary to multiply E{—*) on minimal multiplier which eliminate 
all undefined expressions in matrix elements, namely, z/(l, m)[l, n]. Finally 
we have 

E{3-e) = p{l,m)[lME{--) (22) 
with matrix elements {k ^ p, k ^ p) 

{E{j-e))kk = p{l,m)[l,n]{Ekk+^Y), {E{j-e))ii = v{l,m)[l,n]{-Eii+^Y), 

{E{3]e))kp = iy{l,k){p,m)[l,n]Ekp, {E{j;£))ip = u{l,m)[l,k][p,n]Eip, 

iEij;e))ik = -ii,m)[k,n]Eii, {E{j; e))ik = {k,m)[i,n]Eik. (23) 

Maximal multiplier i^(l, m) [1, n] have the diagonal elements and minimal unit 
multipher have the matrix elements {E{j; e))^^rn+n = E^^m+n, {E{j; e))m+n,m = 

Em+n,m- 
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The sequence of Casimir operators of sl{m;j\n; e) is given by 

CpU; e) = stiE^ij- e) = m)^[l, n]^str(^(^))^ (24) 

Indeed, let X* be an arbitrary generator of sl{m\n). Under computing 
[Cp, X*] = we get identical terms but with different signs (plus and mi- 
nus) so their sum is equal to zero. Under transformation of this commutator 
to the corresponding commutator of s/(m;j|n;e) identical terms are multi- 
plied on identical multipliers therefore their sum remains equal to zero, i.e. 
[Cp(j;e),X] = 0. 

Let us illustrate the above expressions on the simple example of s/(2; ji|l) 
superalgebra. The generators are transformed as follows 



E- 
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Y\ Eu = 3iEt2, E21 = jiE*„ En = uE- 



13' 



£■31 = l^i?3i, -£^23 = i^jl-E'231 -^32 = ^^^1^32- 

and matrix £"(^1) according to (p^) , (p3l) is given by 



(25) 



= i'jiE{->) = uji 


1 En + \Y j-E,2 

4-E'2i — -^22 + \y 


-I En 

^-E'23 






1 —Er>-\ —^Erio 


Y 




/i,j,{En + ^Y) uEu 


-Ji 


E23 \ 




l'E2l 


U3i{-E22 + \Y) 


—E23 




\ J1E31 


E32 


^JiY J 



The first order Casimir operator disappear Ci{ji) = stiE^ji 
order Casimir operator is as follows 



(26) 
0. The second 



C2(ji) = str(^(ji))^ = u'jf 2Et, --Y')+ (^12^21 + ^21^12) + 



+ Jl (-^31 ^13 + -E13-E31) + E32E23 — E23E' 



32- 



(27) 



In the case of superalgebras osp{M\N) the multiplier in 



is equal 

to z/(1,M)[1,y] and all formulas for matrix E{j;e) and matrix elements 
(^E{j;e)^^ appear as for the sl{m; j\n; e) with substitution m = M and 
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y. Let us consider the osp{l\2;i') superalgebra as an example. Their 



n 

generators are transformed as 
and matrix E{i/) is given by 



^^^121 -^13 



^-^13' E23 



E23, E32 



i?32, E22 



E. 



22' 



(28) 





1 





-E12 


lEl3 


E{u) = -u 




^^13 


E22 


E23 




\ 


-\Ex2 


E32 


—E22 






E12 


Ei3 


Ei3 


VE22 


VE23 


, —E12 


uEs2 


—UE22 



The first order Casimir operator is equal to zero Ci(z/) 
the second order Casimir operator is represented as 



(29) 



stTE{u) = and 



€2(1') = V E22 + {E12E1S — E13E12) 



-1/"^ {E32E23 + E23E32) 



(30) 



6 Conclusion 

Using classical CK Lie algebras of different type we have built basic CK super- 
algebras. Unlike standard procedure ||19| of zero tending parameter contrac- 



tions in this work are described with the help of nilpotent valued parameters. 
Such approach gives an opportunity to obtain the distribution of contraction 
parameters among superalgebra generators starting from quadratic form and 
hence to build CK superalgebras by means of pure algebraic tools without 
limiting procedure. Contracted superalgebras are connected with transfor- 
mations of superspaces with nilpotent cartesian coordinates and represent 
a wide class of different semidirect sums for different possible contractions. 
An infinite sequences of Casimir elements of CK superalgebras have been 
obtained by a suitable transformations of the standard expressions of the 
corresponding operators of the basic superalgebras. It is our hope that CK 
superalgebras will be relevant for construction of supersymmetric physical 
models. 
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